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Abstract 

Shared variance can b« cxprtssed graphically by 
overlapplno circles. A procedure l9 presented for 
Locating the circles so that the graphical and statistical 
r.clatlon3 correspond exactly. The procedure is extended 
to represent part and partial correlations between three 
variab les. 
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The widespread availability ot cooputa tl ona 1 (graphics 
for personal conputers has greatly increased the potential 
Tor visual displays oV data. The display of palrwise 
correlations between two and three variables Is of special 
interest to psychologists. To motivate the subsequent 
do velopDjentr consider a case that arose in our own 
laboratory. College students participated in three tasks, 
an auditory dichotlc listening task» a visual scanning 
task, and an arlthnetic task* The correla^tlons between 
the tasks wore 

(auditory, visual } = .42 
(auditory, arlthuentic) = .li? 
(visual, arlthQotlc) = .30 

c 

Our Interest was in the extent to which var|^ance was 
shared between pairs of tasks, with sone portion of the 
varK\ncc In the third task "held constant**. Part and 
partial correlations oay be used to expres^^ the 
statistical relations. However this uethod uT 

t 

suDoarizatlon was not appropriate Tor verbal presentations 
or our results, especially to audiences who were not 
ramlllar with advanced nethods of correlational analysis. 
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An alternative to the statistical suaaary is to use n 
visual display, In whlcn the variance of each variable is 
rivrcacnted by a circle. Shared variance Is' represented 
by the overlap between two circles. If three variables 
are ropresentod the resulting fiQure Is called a 
t^flHanlinc i several authors have advocated their u:;e to 
represent covariation In three variable probleus (e.^. 
Cohen and Cohea» 1975). The ballantlne Is a useful 
dtRplay of 3hiired and unique variance because euch 
conponent of variance ctn be Identified visually In the 
r.eonetrlc foria. This can be seen In Flcure 1, which la a 
tuUantlne representation of our data. The various part 
and partial correlations can be expressed in terns of the 
rcGlonS of overlap (a, »aj(^,d^,and ) shown in tho 
ri (;u r o • 



Figure 1 here 



Ubvlously, ballantlnos are generat(>d Tron aiupU>r 
"two circle" figures that represent the 

varlance-covariancft relations between two variables, X and 
Y. This is shown in Figure 2. If representations suoh as 
Fli^.uroo 1 and 2 aro to portray data accurately the 
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preparation of a circle's area lying in the Intersection 
rcRlon (Region A in Figure 2) should be exactly equal to r^ 
, the squared oorr«latlon between the appropriate 
variables. In fact, the ballantlne of Figure 1 does 
fulfill this condition for our data. Figure Z exactly 
ropresonts the correlation betwoen the auditory and visual 
detection oeasuros. The purpose of this note is to 
explain how such figures nay be constructed. 



V Figure 2 here 



The UndftPlVlni! CooBetrlc Rft lationa. 

Lot the circles X,Y, and Z stand for the variances of 
three variables, Xiy, and i. Lot the circlos have a 
constant radius, n. This "visually standardizes" the 
variables by reprosonting Var (x), Var ^y) and Var (z) by 
circles with area "TT^^ . Two circles X, Y are said to 
bo placed correctly with rospuct to each other if and only 
if the overlapping area contains the proportion of each 
circle equal to the squared correlation coefficient. In 
tho case of Figure 1, area A la equal to 



0) a'^^TT/?* 
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The area of Intvrsactlon of clrclea X and Y, both of 
radlu3 R, I3 detarMlnad by thf length of line I between 
the center of clrcla X (C^) and the center of the circle Y 
(Cy)r l.e* by l^^/n, Thl3 Is ahown In Plguru 3. 
Therefore, for fixed C^, C^aay ber located anywhere on the 
circle of radius L^cantared on . If wo adopt the 
conventions that ly^^^ be horizontal and that V always lies 
to the left of y, the locus of circle Y Is thus detorolncd 
once X Is located and L^/^^ls deternlned. 



Flguro 3 hora 



The position of the third circle of a ballantlne can 
be detaralned In a slnllar way. The center of circle Z 
(representing the variance of variable z) oust lie on the 
clrcunference of a circle of radius L^^, centered on C;, 
and on the cl rcuof orcncc of a circle of radius L 
centered on Cj^ Since two non-ldontlcal circles Intersect 
at either two or no points, there are two possible 
ballantlnes whan the thrao variables share cotanon 
varlanca. In one of these, circle Z Hmu above the line I 
, In the other It lies below It. Either figure wulU be an 
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appropriate ballantlne. Hare circle Z will always Uc 
below the horizontal. These relations are shown In Flguro 

For the sake of coapletlon two deeanerate cases ouat 
be oentioncd. If^^^a 1, then circles X and Z are 
Identical (Lyj » 0), and aloUarly for X and Z and Y and 
Z. irAjj^ 3 0, then I yZH, so that circles X and Y do 
not ovarlap. By convention tha relation t s 2R will bo 
used, so that the circles for variables that do not share 
coQQon varlanca will lit next to each other without 
ovcTlapplng, 



Flcure H 



IrijionQiJolric Rolatloni 

An ali:orlthu (or dcterBlnln|^, the length of Lj^y will 
now bo proaentad* The Identical olKorltha, with a change 
of varlabla nana^, applies to L^^^ and I . Daveloplng the 
algorltha Is basically an exorcise In high school 
trlgonOHetry . 
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Tho aleorlthH will ba daacrlbed by referring to the 
lines and anglos shown In Plgura 3< Consider tho sci'.Bcnt 
bound by line and arc k . Thla haa are? \/2 A, whore 
A l9 the area or overlap. Tha value of A 1 i defined by 

(?) \/2 A a 1/2 {o(,^Sfr?(^ )) (Burlncton, 
1948). 

wbere Is aeasurod by radians. 

For a 'standard* elrele, with Rsl, equation (i) uay 
De substituted into (C)* Then, s lapL 1 fy 1 ng » 



Uato that ^ Kjj 1 <K ^-he value of'Y ( In 

radians). At this point tho two Clreles will be 
Idontleal* At tho other extreao, IfAy is rerooi. »Q. 
This establishes Units on 



Kquatlon (3) doTineso^ luplloitly, as j 
transcendental Tunetlon ot A-^ . The value of cK i'or a 
ftiven value of «ay be approxioated to any dasirud 

decree pf aeeuraoy* Tho existence of a unique solution Is 
ensured by tha faet that tha qurntUy ( A,-^ sih (t^)] 
Increases aonotonically froa throughout the runftc 



er|c 1^ 

ilffliffllffll'n'il^ll Jn^ 
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oftA , (The first derivative, 1 - oos (ck\t la 
non-^nagatlve for oS <Kiu 7t) • Once o( Is found, the value 
of R ean be eaLoulatad direetly* By inspaetlon of Fieure 
3. 

However 

(5) H-h » R# (eos (oK/sl )) 

Substituting , and Letting R s 1 to est*,bllah a scale, 

(6) L^^ » 2(eos (o^ /x )). 

Therefore the problaM is solved If ^ ean be deter«lned« 
This can be doqe by finding tha value of ^ that s^^ll9fles 
(3). ^ 

Coaputatlor^ 

Tho conputatlon of«C for a e>ven /t is (generally 

not leaslble without a coaputar. Appendix 1 is a PASCAL 
pro^raia that axeoutos tha appropriate algorlthH. It 
coaputes elrele poaltlona given tha correlations lor a two 
or three variable proble»« The heart of the progran Ir the 
procedure CQMVpRGE . For any value of /I i converge 
Calculates «^ by auccasslve approxina tlons until «^ is 
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a = 1/2 (•♦b^c) 

and 

(9) V 3 ((3«-a) (a-b) (3.c)/3) . 
Ansla • obaya tha ral^tlon 

(10) ^ s 2 • arctan (v/a-a)). ( Burlneton*, 1 9118 , 
PE. 20). 



The co*ordlnalaa of the two possible points 



for ara 



( lla) a ♦ cos ) ' b 
and ' ^os ($} 

(lib) Y,. = ♦ 3in (5 ) ► b 

= Yx 1 3ln ) . Ly^ . 

^ Tha prosraii in Appendix 1 has an option which locates 
all circles Valatlva to C 3 (0,0) using tha scalo R a 
It or, as an option, the user aey specify the desired 
scale and origin. The progrea then locetes the bellentlne 
on the user's co-ordinate systeo. 
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within .0001 rediene of ita true velue. The value of L 
ia then craputed by usiof equation (6). 

It would be tedious to recoapute the relation* for 
every nev case of a blverieta reletlon. Teble 1 presents 
valuea of Lxt^/i? ^or and ranging froa .00 to i.oo in 

steps of .01. If e ballantlne is to be drewn by hend 
Table 1 oen be uaed tS deteraine the redil of the oirclea 
to be used in the construction. 

If the bellantinas ere to be drewn by coaputer 
graphics, Ut C,^ ba looeted et point (X^, Y ;^ ) in a 
Cartaalan Co*ordlnete systea. A convenient position for 

(7) Xj, . ♦ L^y 

■ "x 

Locating C^ia slightly acre coaplex. As Figure k shows, 
tho three points , , and define a triangle with 
sides lyt^ t L^^ , and l^i^x. tet^ be the interior angle 
of the trianglaA ^x. *^ point .For ease of 

notation, let 



(8) . . tyi 
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PlSura 1: A ballantlnt rtpreaentlng tho corn clas.1 ons 
betveeo an auditory dat«otion taski a visual detection 
task, and a test of arlthnttlo skill. 

Figure 2: A correlation Indicated by an overlap 
between twa clrolea. For the representation to be exact 
the proportion of the area of each circle that falls In 
region A should be equal to r • 

/ 

Figure 3: The geometric relations used t> construct 
an appropriate bnllontine. AnglcoCla l«plicltly defined 
by r ^. AnRle^, in turn, deteralnes the length of line 

Figure k: The three lines between tho centers of tho 
circles define one of two possible triangles, with Circle 
2 either above or below line L^y. By solving for the 
Interior angle • at the center of clrolo X, and piven L^^ , 
tho position of Circle 2 is detorolned relative to X and 
tho position of Circle X. 
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program ballantincdnput, output) | 

( Locatffft circlet mo that ovsrlap tm r^2 of ar»a of vach clrci* ) 
const pi - 3. 141S926S| 

var cxa cyi radium srsalf comt charj 

function a2»rqq(conmtm pl,p2ir«al4) t r«al4| vHtcrni 
< IBM arctan function } 

function convsrgs (r irsal ) :r«al I 

Ccofflputeft value of angle theta , and then 
uses theta to compute the distance between circle centers. 

Input Is r'^2. 

Output is distance betHeen centers, assuming radius of 1 ) 
var highilowi alpha, old, delta, q, z i real| 
begin C converge > 

if r - 1.0 then converge i- 0.0 < identical circles ) else 
if r <- 0.0 then converge t- 2.0 (no intersection } else 



1 ^ 



bsoin { Intsrsvctlng clrcl«m* ccMtputw ovarlap > 

low J- 0; high i» pi} { angl* thata from 0 to pi In radians > 
q t« r t pli { MCtor <r«a of overlap }^ 
old I- 0| alpha t- pl/2.0| C 90 d«gr««B, initial gu»s for angle ) 

repeat { converge loop ) 

z :« alpha -mln<alpha>| | 
if z «'q then delta i" 0.0 <eMact match} else 
(compute adjustment > 
begin 

old I" alphai 

If z > q then i decrease alpha } 
begl n 

alpha 1" alpha - <alpha-low) /2.0| 
high t« old| 
end 

else i Increase alpha } 
begin 

alpha t> alpha -i- <hlgh~alpha> /2.0| 
low t*" old I 
end I 

delta t"> abs (old-alpha) I (elze of adjustment > 

end| ( of adjustment > 
until delta <0.0001| ( converge to thousandth of a radian > 
i coapute the distance between circles } 



alpha :» alpha/2. 0| 
converge :>* 2.0 t cos<alpha)| 
end| ( overlap computed > 
•nd> ( converge function > 

procedure graphpars<var cXtCy« radius treal)| 

(Computes the scale and translation factors for a real graph > 

\ 

\ 

begin 

wrlteln <'Your gr^ph Is assumed to have 0,0 at the lower left')| 
wrlteln Center maximum value of x and y as integers ')| 
rcadln <cx,cy) I \ 
cx j» cx/2.0f cy t- cy/\.0| 
if CK < cy then radius t"0.90 t cx/2«0 
else radius t" 0.9 t cy/2.0| 
end} ( Graphpars ) * 

Procedure twocircles <cx,cy,radiussreal) | 

var ryCyl yZyX creal; 

begin ( twocircles ) 

writeln <'What is the value of the correlation ?• ) | 

readln<r>| r t" r t r| 

1 t" converge<r) t radius | 
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Hrit«ln( 'Distant* b«tw««n circlM is '»ltl0i4)| 
M I- cx-l/2.0> 2 I" CH + 1/2*0| 
Hritsln( 'Circls X at paint ',mi7s2,' ',cyt7t2)| 
writaln( 'Circla Y at paint \zi7i2,' ',cyt7t2)| 
Hri^tKlnC Radius » ' ,radiusi 10t4) | 
end; ( tnacircles > 

Fracadure thrBBCirclffs(cM,cy»radiussraal ) ( O 

const M » 1{ y ■ 2| z ■ 3| ( usad far names oi circla > 
var rny, rX2, ryz , Ixy, Ixz, lyz ir»al | { Bama namas as in paptr > 
cc t ar'-ay Cl*.3»l*.2] oi raal | ( csntars of circles } 
a,b, C| ^S| thata, v s raal| ( Auxilary variables named in fxapvr } 
KM, dx, dy I real I < scratct^ variables ior computing } 

beQin ( procedure threecircles > 

(Qet needed values } 

writeln ('Values of correlations rxy, rxz , ryz (real ) 
readln (rxy, rxz^ ryz ) ) 

rxy J" rxy I rxyj rxx I" rxz I r>ij:| ryz i«« ryz t ryz | 
i calculate tntarclrcla distances > 
Ixy if" converge (rxy) I 
Ixz I " converge (rxz ) I 
lyz i converge (ryz ) I 

2i 



C convert to auxilary notation to conform to the text^ > 
a t« lyz} b t» Ixyi c t"* lxz| 
SI- (a + b + c)/2.0| 

V 1" (s-a) I <s-b) t (s-c) / s| 

V i« sqrt(v); xx i« s-aj 

( calculate value of interior angle theta at canter of circle x and 'then 
determine the distance center of z falls below the x-y centerline. > 
theta i" 2 I a2srqq(v,xx) | < IBM terminology for arctan } 
dy :*• sin (theta) t lxz| dx i" cos(theta) I lxz| 
(determine center points, converting to actual graph > 
ccCxyX3 :» cx <- (Ixy/2*0) t radiusi 
<};-y symmetric re vertical axis) 
ccCK,y3 I" cy + (dy/2.0) I radluai 
< x-z symmetric re horizontal axis) 
ccCy,K] I" cx * (lxy/2.0) t radius| 
ccCy,y] t" ccCx,y]| 
ccCz,x] ccCx,x3 'i' dx t radius| 
ccCZyy3 s" ccCx,y3 - dy > radius| 
(print results } 

writeln CBallantine for rxy « ' , sqrt (rxy ) 1 5t ?, 

' rxz- ',sqrt<rxz)i5j3,' ryz ' , sqrt (ryz ) i Si3) | 

wri telnt 

writeln ('circle X Y' ) | 

writeln (' X ' , ccCx. x 3i7i 2, ' ' , ccCx ,y3 i 7i2) | 

writeln (' Y ' , ccCy, x3i7i2, ' ' , ccCy,y3 i7i2) | 
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J 

writ»ln (• Z ',ccCz,H3i7t2,' * ,ccCz ,y3 i7j2) i 

wrltvln (* All radii " \radlusi 7i 1 ) i 

•nd| < Of thr««clrcl« proc»dur» > 

begin ( main program } 

writer {* Is a real (r) or abstract (a) graph to b« pomitioned * )f 
rvadln (com) I 

com " 'r* th«n graphpars (cx^cy* radl us) sls» 
begin 

Hriteln ('Abstract graph centered at 0,0 with radius - 1 •)! 

CM I- Oj cy I" Oi radius i- t.0| 

end; 

writeC is a two <2) or three (3) variable problem to be computed'^ ')j 
r«adln<com) | 

l-f COM " *2* then twoclrcles (cK^cy.radlus) else 
If com " *3* then thr«ecircles(cK ^cy^radlus) 

else wrlteln ('undefined problem*)} I 
enci* <0f main program > 
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Table 1 



0.00 0.01 0.02 0.03 0.04 0.03 0.06 0.07 O.OB 0.09 

0.00 2.00 1.92 1.B7 1.83 1.79 1.76 K72 1.69 1.67 1.64 

0.10 1.61 1.3B 1.36 1.33 1.31 1.49 1.46 1.44 1.42 1.40 

^•^S *-29 1.27 1.23 1.23 1.21 1.19 

0.30 1.17 1.13 1.13 I. XX 1.09 l.OB 1.06 1.04 1.02 1.00 

0.40 0.9B 0.97 0.93 0.93 0.91 0.89 0.86 0.B6 0.84 0.B3 

0.30 O.Bl 0.79 0.77 0.76 0.74 0.72 0.71 0.69 0.67 0.66 

n'^n ^•''^ 0-3^ 0.51 0.49 

0.70 0.4B 0.46 0.44 0.43 0.41 0.40 0.30 0.36 0.33 0.33 

O.BO 0.32 0.30 0.2B 0.27 0.23 0.24 0.22 0.20 0.19 0.17 

0.90 0.16 0.14 0.13 0.11 0.09 O.OB 0.06 0.03 0.03 0.02 



Distance between circles of radius one as a function of the 
correlation (r) between the variables represented by the circles 
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